The main challenge in deterministic quantum state transfer in long-distance quantum communications is the transmission losses in the communication channel. To overcome this limitation, here we use the adiabatic theorem and find a lossless evolution path between two remote mechanical modes. By adiabatic variation of the effective coupling strengths between the two nodes and the intermediate optical channel modes, we engineer a transmission path for the quantum state transfer that is decoupled from the decaying fiber modes. Using our proposed method we show that one obtains a quantum state transfer with high efficiency. Furthermore, to bypass the slow nature of the adiabatic process and its sensitivity to the mechanical damping and noise as well as the strength of the driving pulses, we develop the shortcut to adiabatic passage protocol for our proposed quantum state transfer. Our results show that the shortcut to adiabaticity provides an efficient and fast quantum state transfer even for small values of the coupling strength. We show that the performance of our protocol for long-distance quantum communications remains efficient for transferring the quantum states between two remote mechanical resonators being hundred meters apart.
I. INTRODUCTION
The ability of quantum state transfer (QST) with high efficiency between two nodes in a quantum network is a key task for the realization of quantum communications [1] [2] [3] [4] . A quantum network consists of nodes, which are clusters of stationary quantum memories, connected by quantum communication channels, such as waveguides. The quantum information in quantum bits (qubits) are stored in the nodes and are transmitted across the desired distance through quantum channel by means of photons or phonons as flying qubits [5] [6] [7] [8] [9] .
Among the others, there are two well-known protocols in performing deterministic QST between remote nodes of a quantum network. The standard protocol which is based on wave packet shaping (WPS), employs special laser drive which excites the sending node such that its state is mapped into the flying qubits that will be perfectly absorbed by the receiving node [7, 10, 11] . The photon losses in the quantum channel and the issue of temporal-envelop mismatch in the absorption and emission processes are the dominant challenges for the deterministic QST in the standard protocol [12] . Another protocol for QST is based on the stimulated Raman adiabatic passage which has been developed to surpass the above mentioned problems [13] [14] [15] [16] [17] [18] . During the adiabatic passage (AP) protocol, the quantum states are preserved in a dark state that decouples from the channel dissipation. For realizing the AP protocol, the classical driving pulses of both nodes are applied in a counterintuitive order in which the classical driving field in the receiving node is switched on prior to the one in the sending node [19, 20] .
In recent years, optomechanical systems have offered an excellent approach for implementing the QST protocols be-tween mechanical modes as stationary nodes [21] [22] [23] [24] [25] [26] [27] [28] . In optomechanical systems, a mechanical mode can couple to any of the optical modes of a cavity via radiation pressure force [29] . Hence, one mechanical resonator can act as a mediator for the QST between two optical modes [30, 31] . Also, one can provide a three-mode system in which two mechanical modes couple to a common optical mode to realize the QST between the mechanical resonators based on the WPS approach [25, [32] [33] [34] [35] [36] [37] [38] .
Here, we investigate the efficient methods for performing the QST between two remote mechanical modes inside optomechanical systems that are connected via an optical fiber. More specifically, we offer a method for transferring the quantum states among mechanical resonators that is not sensitive to transmission losses in the communication channel. We employ the AP protocol for the QST in which a quantum state is preserved in a dark mode, which is a linear combination of mechanical resonator modes, with negligible excitation to the optical channel modes. As a result, a high efficiency QST protocol between the two mechanical modes is attained. An advantage of our proposed method with respect to WPS protocol is that we do not require the exact control of the temporal shape of the driving pulses of both nodes during the transfer process.
Generally, the adiabatic process is achieved in the limit of large transfer operation times or large driving pulses strength. Therefore, in the AP protocol the QST is slow and can suffer from dissipations in the sending and receiving nodes that create decoherence in the entire transfer process. Also, due to the requirement on adiabaticity in the AP protocol, the transfer efficiency is sensitive to the driving pulses strength. To overcome these restrictions, we therefore employ the shortcut to adiabatic passage (STAP) approach in the optomechanical system to speed up the state transfer between the two mechanical resonators. In this protocol, according to the transitionless quantum driving algorithm [39] [40] [41] [42] , the diabatic transitions among the adiabatic eigenmodes are suppressed by adding auxiliary counter-diabatic processes. This leads to a fast and perfect state transfer through the dark mode evolution. In contrast to the AP protocol which has a challenge in conflicting between transfer speed and efficiency [43] , the QST becomes perfect for short operation times even with small values of the coupling strength in the STAP protocol. As a result, the transfer efficiency becomes very close to unity for a wide range of coupling strengths.
The paper is presented in four sections. In Sec. II we introduce the model and protocols. Section III is devoted to the results and discussions, while the work is summarized in Sec. IV.
II. MODEL AND PROTOCOLS

A. The model
Our system is composed of two similar nodes each containing an optomechanical system that are connected by an optical fiber as shown in Fig. 1 . The system Hamiltonian is
Above the local dynamics of the nodes is given by the optomechanical Hamiltonian H OM . Furthermore, the optical fiber modes Hamiltonian in a frame rotating with the driving laser frequency (ω l ) reads as
where ∆ n = ω n − ω l is the detuning. Here, ω n = ω 0 + nδ FSR and f n are the optical frequency and the annihilation operator of nth mode of the fiber, respectively. ω 0 is frequency of the fiber mode f 0 that has the closest frequency to the laser drive. The fiber modes are separated by a free spectral range δ FSR = πc/L (with c being the speed of light in fiber). The optical fiber modes are coupled to the mechanical resonators through the cavity modes that in turn interact with the mechanical modes via radiation pressure. After adiabatic elimination of the cavity modes we arrive at the following effective interaction Hamiltonian between the fiber modes and the mechanical resonators
Schematic setup of the basic quantum network for the realization of the deterministic QST between two nodes. Nodes are optomechanical systems that are driven by laser and connected by an optical fiber. Each node has a mechanical resonator. The mechanical modes m 1 and m 2 are coupled to the fiber modes f n with effective strengths g 1 (t) and g 2 (t), respectively. The γ fib is the loss rate of the optical fiber.
The odd fiber modes coupled to the mechanical modes in the sending node will be coupled to mechanical modes in the receiving node with the relative phase difference of π due to the odd number of maxima in their intensity profile. The phase factor (−1) n in the Hamiltonian dictates the phase difference at the two ends of the fiber for far-detuned odd modes. For the sake of convenience, hereafter we denote the time-dependent coupling strengths g i (t) by g i . The laserenhanced time-dependent effective optomechanical coupling strength of the mechanical mode to the fiber mode is given by g i = γ e,i δ FSR /2π [11, 44] . Here γ e,i ≡ G 2 i /κ is the rate at which the mechanical excitations are converted into the flying qubits in the fiber through the optical cavity. G i (t) is the time-dependent optomechanical coupling and κ is the cavity decay rate. Typically, γ e,i exceeds the intrinsic damping rate γ m of the mechanical resonators and thus γ m has negligible effects on the QST efficiency. The effect of finite mechanical damping rate is considered in Sec. III A.
In the interaction picture of the Hamiltonian
where m i=1,2 and ω m are the annihilation operators and the frequency of the mechanical modes at the nodes, respectively. For the case in which a quantum state is transferred between the two mechanical modes, the pump lasers should be at the first red sideband. We, thus, take ∆ 0 = ω m ) as the working point from now on [34, 38, 45] . We begin the analysis by writing the Heisenberg equations of motion in the interaction picture [46] :V
where V is the vector of mode operators and M is the matrix of dynamics. For a single-mode fiber one has V = (m 1 , f 0 , m 2 ) and
Generalization to the multi-mode case will be done later in Sec. III B.
B. Transfer protocols
We first describe the formulation of two protocols used in this work for the deterministic QST between two mechanical resonators over an optical waveguide. One of the universal protocols for deterministic QST is the adiabatic passage. In the AP protocol, the classical driving lasers of both nodes are applied in a counterintuitive order, i.e., the receiving node, here g 2 , precedes that of the sending node (g 1 ). By introducing the mixing angle ϑ ≡ tan −1 (g 1 /g 2 ) the above requirement translates to lim t→t i (g 1 /g 2 ) = 0 and lim t→t f (g 1 /g 2 ) = ∞, which implies that ϑ (t i ) = 0 and ϑ (t f ) = π/2 [19] . In analogy to the dark and bright states in atom systems, in our effective three-mode optomechanical system the dark mode A 0 and two bright superposition modes A ± are obtained as the following
The adiabatic modes described in above relations are the instantaneous eigenmodes of the dynamic matrix in Eq. (6) in the absence of fiber decay. The AP mechanism is then easily understood by looking at the Eqs. (7) . By preparing the three-mode system in the sending mechanical mode m 1 at the beginning of the transfer process, the goal is to transfer its quantum state to the receiving mode m 2 only through the adiabatic mode A 0 . The AP protocol employs large operation times and/or large driving pulses amplitudes to maintain the system always in the dark mode A 0 . Hence, safely transferring the quantum state from one mode to the other without exciting the fiber modes. Generally, if the process duration T or driving pulses strength is large enough, the system will evolve along with either of its adiabatic modes A i without transition among them. This property reveals the weakness of the AP protocol; which is its slowness. It, therefore, can suffer from dissipations in the sending and receiving nodes as well as the loss in the channel during the entire procedure. Nevertheless, if the process is fast, i.e. T ≯ T 0 , where T 0 is the characteristic time of the adiabatic passage determined by the system parameters, the time evolution path does not follow the adiabatic eigenmodes A i due to the diabatic transitions among them. Therefore, it is vital to propose a technique to speed up the adiabatic passage and yet maintain the high efficiency. Indeed, one should remove the diabatic transitions among the adiabatic eigenmodes during the fast transfer process. According to the transitionless quantum driving algorithm [39, 40] , we introduce a modification to the dynamic matrix M(t) in Eq. (5) such that the non-adiabatic transitions are eliminated. This allows us to perform a rapid and efficient QST between the mechanical resonators in the system even with weak driving pulses. This, indeed, is done by adding an auxiliary counter-diabatic process to the system whose contribution to the dynamics is described by the following dynamical matrix
where the summation is over all adiabatic modes and the dot represents time derivation. Such processes prohibits the intermode transitions among the system adiabatic eigenmodes. By substitution from Eqs. (7) in (8) the counter-diabatic dynamical matrix M cd for the three-mode system is obtained as the following
Here, g a = (ġ 1 g 2 − g 1ġ2 )/g 2 0 with g 0 = g 2 1 + g 2 2 is the coupling rate to the auxiliary driving field.
To realize this scheme, one could employ an extra fiber mode that couples to both mechanical modes at the sending and receiving nodes. However, we focus on the realization of the counter-diabatic driving in our system without additional coupling between the two mechanical resonators. Specifically, we develop a feasible approach to implement STAP protocol. It is straight forward to show that M cd (t) can be absorbed into the variation of the reference pulses. In other words, no additional driving field is required to achieve M cd (t). The dynamic of our system in the absence of fiber losses satisfies SU(3) Lie algebra, which simplifies the shortcut to adiabatic passage design. In order to cancel the counterdiabetic processes yet maintaining the same dynamics, we employ the unitary transformation
With this transformation the total dynamic matrix in the absence of fiber losses becomes
where G i (i = 1, 2, 6) are Gell-Mann matrices and
Settingg a = 0 gives φ = arctan(−g a /g 1 ) and
Therefore, the STAP protocol can be realized by replacing the reference driving pulses g 1 and g 2 in dynamic matrix (6) with the modified driving pulsesg 1 andg 2 , respectively. In the following, we study the STAP protocol and show that it allows a fast and efficient state transfer between two mechanical modes by only reshaping the original driving pulses. More interestingly, the driving pulses do not need to satisfy the adiabaticity conditions such as large duration time and strength of the driving pulses.
III. RESULTS AND DISCUSSION
We evaluate the performance of above mentioned deterministic QST protocols between two mechanical resonators over an optical fiber. We define the QST efficiency ε as the square of the ratio of final state of mechanical mode in the second node m 2 (t f ) to initial state of mechanical mode in the first node m 1 (t i ). For performing the adiabatic state transfer, we consider the time-dependent coupling functions strength as an adiabatic reference,
where g 0 (t) = 1
with T the coupling time duration and σ the semi-width at half-maximum of the coupling function strength. Fig. 2 shows the original (14) and modified (13) pulse shape that we apply in the AP and STAP protocols, respectively.
A. Single-mode fiber
To describe the physics behind the above mentioned protocols, first, we consider the single-mode fiber instead of multimode fiber. In Fig. 3 , we study the effect of the coupling functions time duration that leads to accelerating the QST process on the protocols efficiency. It is found that in the AP protocol as the speed of the QST process increases, i.e. the coupling functions time duration is smaller, the transfer efficiency decreases. Because the speeding up transfer process in the AP protocol leads to the system evolution does not follow the dark mode and to have transitions between other adiabatic modes. However, in STAP protocol the transfer efficiency becomes unity for any coupling function time duration since the nonadiabatic transition has been removed by adding the term M cd [see Fig. 4 ]. Also, in Fig. 3 it can be seen that the considered time duration is not sufficient for a perfect QST in the AP protocol. As mentioned before for a complete state transfer between two mechanical modes we need to increase the time in the AP protocol. However, we notice that at the time duration which the adiabatic condition is not fulfilled, one still achieves an efficient state transfer by the STAP protocol.
To quantitatively study the efficiency, we plot the transfer efficiency versus the time duration T in Fig. 4 . It is obvious from the figure that in the AP protocol, the time duration T required to reach perfect transfer should be much longer than the characteristic time of the adiabatic passage T 0 = √ 2π/λ 0 (T T 0 ), where the adiabatic condition is fulfilled and the system follows the dark mode. However, we observe that in the STAP protocol the transfer efficiency becomes unity for any time duration T even for short durations. Therefore, the protocol offers a fast and efficient QST between mechanical modes. The red dotted curve in Figs. 3 and 4 has been plotted by replacing the reference driving pulses g 1 and g 2 in dynamic matrix (6) with the modified driving pulsesg 1 andg 2 . It fits well with the results of adding an auxiliary counter-diabatic term (the dark blue dashed curve) and verifies that a proper modification in the adiabatic reference pulses is equivalent to introducing a counter-adiabatic process.
To illustrate some of the STAP protocol superior features to the AP protocol, we plot the transfer efficiency versus the peak of driving pulses strength and time duration for both protocols in Fig. 5 . The maximum driving pulses strength required for the transfer efficiency to become close to unity in the STAP protocol is much less than that of the AP protocol. It is found that transfer efficiency becomes unity for a wide range of the strength of the driving pulse in the STAP protocol while it is unity for a small range of the large driving pulses strength in the AP protocol. Therefore, in contrast to the AP process, the transfer efficiency in the STAP protocol is not dramatically affected by any parameters in the coherent driving fields. Fig. 5 shows that for achieving a nearly perfect state transfer in a given time, the required increase in the strength of the drive pulses is much less in the STAP in comparison to the AP protocol. Thus, by using the STAP protocol, attains a fast and efficient QST even with a very small value of the coupling strength.
We now analyze behavior of the QST efficiency for the two protocols in the presence of resonators damping. First we remind that a better adiabaticity is acquired by increasing the time duration. On the other hand, in state transfer process the time duration should be shorter than the mechanical damping time scales. For this reason, a highly efficient QST may be impossible for so large time duration in the presence of resonators damping. The conflict between transfer efficiency and speed results-in an optimal intermediate transferring time T op . It is found that the efficient QST is possible when T 0 T op 1/γ m , 1/γ fib . In this regime the QST can be both reasonably rapid compared to the resonators damping rate γ m and yet adiabatic enough to prevent excitation to the bright states. As a result the resonators damping has negligible effects on the QST. The STAP protocol is a fast process and therefore does not suffer significantly from the resonators damping in the sending and receiving nodes. The STAP protocol is an appropriate protocol when both speed and the dissipation of nodes are problematic.
B. Multi-mode fiber
In the following, we investigate the effect of higher order modes of the fiber on the transfer efficiency in the adiabatic passage. To begin, we restrict our calculations to the fiber central mode f 0 and the first pair of neighboring modes f ±1 . This brings us to a set of Heisenberg equations of motion as in Eq. (5) with the vector operator V (t) = (m 1 , f −1 , f 0 , f +1 , m 2 ) and the dynamical matrix
In writing the above matrix, we have taken into account the π-phase difference in the coupling of the odd modes f ±1 to the mechanical modes in the receiving node. Zero-eigenvalue eigenmode of the above dynamics matrix for three-mode fiber in the absence of fiber decay reads
where N is the normalization coefficient. Even though the superposition mode A 0 is dark with respect to the central fiber mode f 0 , it still has a finite coupling to the first odd modes f ±1 and hence these modes can get populated during the QST process. In other word, the adiabatic mode A 0 is not completely dark when other modes of the fiber are taken into account. To investigate the effect of this leakage of the information we perform numerical calculations. The results are presented in Fig. 6 and show that the QST remains efficient for three-mode fiber in the adiabatic limit where the time duration is 20 T 0 ≈ 1.4 µs, see dark blue solid curve. Therefore, a more general adiabatic-transfer (AT) mode exists which links the mechanical modes m 1 and m 2 . Obviously, from zeroeigenvalue eigenmode A 0 can be seen that the amplitude of odd modes f ±1 are nonzero during the transfer process but vanish at the beginning and end of the adiabatic passage protocol, because g 1 and g 2 vanish at t = 0 and t = T , respectively. Hence, the zero-eigenvalue adiabatic mode A 0 in Eq. (15) is an AT mode in the adiabatic limit and effectively resembles an efficient dark mode. In order to generalize this conclusion and a more complete description of the problem, we include more fiber mode f n with n ∈ [−9, +9] and solve the problem numerically. The numerical integration of the Heisenberg equations are presented in Fig. 6 with the green dot-dashed line. It is obvious that even for nineteen-mode fiber an AT mode exists that efficiently transfers quantum states between the two mechanical modes in the adiabatic limit. For large time duration where the adiabatic condition is fulfilled, the effective AT mode performs as a perfect dark mode. During the process and at short times duration due to the involvement of transient contributions from multi-mode fiber odd modes in the AT mode, the QST efficiency through AT mode is smaller than that of going through a perfect dark mode.
To further illustrate that far-detuned modes of the long fiber f ±n do not affect the transfer efficiency in the adiabatic limit, we study the effective single-mode model and derive an analytical expression for the transfer efficiency in the adiabatic limit. We begin by solving Eq. (5) for a three-mode fiber. By assuming 1 4 γ 2 fib + δ 2 FSR g 2 1(2) one adiabatically eliminates the f ±1 modes and reach to the following effective set of equations
where we have introduced Γ 12 = g 1 g 2 γ fib ( 1 4 γ 2 fib + δ 2 FSR ) −1 and 1, 2) . Indeed, when the δ FSR is larger than the cavity decay rate (δ FSR κ) the mechanical resonators effectively only couple to the central fiber mode. Therefore, assuming an effective single-mode fiber is a valid consideration. The red dotted curve in Fig. 6 verifies our anticipation as it shows the result of the numerical integration of Eqs. (16) and matches well with the results of the single-mode fiber case, the blue dashed curve.
In the adiabatic representation, the Eq. (16) turns into
with η = g 2 0 (t)γ fib ( 1 2 γ 2 fib + 2δ 2 FSR ) −1 . When λ 0 is large compared to γ fib , the diagonal elements in the equations for A + and A − in Eqs. (17) dominate over the off diagonal ones. Then we can carry out adiabatic elimination of modes A + and A − by settingȦ + =Ȧ − = 0 and eliminating A + and A − from the resulting set of two algebraic equations. Therefore, in the limit γ fib λ 0 , γ fib δ FSR and 1 4 γ 2 fib + δ 2 FSR g 2 1(2) , we obtain
and for σ = T /8 one arrives at
Forasmuch as the dark mode A 0 equals to the mechanical modes m 1 and m 2 at the beginning and end of transfer pro-cess, respectively, we are brought to
In Fig. 7 we compare this analytical expression for the efficiency with the numerical calculations. The curves present inefficiency 1−ε of the protocol as a function of the fiber length. The solid curve in Fig. 7 that displays analytical results based on Eq. (20) coincide with the numerical values obtained for three and also nineteen-mode fibers. The plot suggests that an efficient QST with an error of about one percent across distances as long as hundreds of meters are practical, provided the chosen control parameters satisfy the adiabatic condition T 0 T 1/γ fib . We emphasize that this is because of the existence of an AT mode in the multi-mode fibers which the QST is efficient through it in the adiabatic limit.
IV. CONCLUSION
We have studied the application of two quantum state transfer protocols on the mechanical resonators coupled via a lossy optical fiber. By the shortcut to the adiabatic passage protocol, one eliminates the diabatic transitions between adiabatic modes of the system during the transfer process. We have shown that this leads to a fast and efficient state trans-ferring through the dark mode evolution. Meanwhile, the adiabatic passage protocol has a challenge in a conflict between the transfer speed and efficiency. It was also shown that by the STAP protocol, the QST is possible even with very weak coupling pulses. These remarkable features of the STAP protocol enable us to efficiently perform QST by the available resources and practical limitations, including mechanical dissipation. Also, we have shown that for long-distance quantum communications, the adiabatic passage can mitigate the effect of transmission losses in a multi-mode fiber on transfer efficiency in the adiabatic limit. An adiabatic transfer mode exists which transfers a quantum state between the mechanical modes with high efficiency in the adiabatic limit. This study may pave the way for the use of optomechanical systems for the experimental realization of continuous-variable and long distances quantum communications.
